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Abstract

Multiset discrimination is a fundamental technique for finding du-
plicates in linear time without hashing or comparison-based sorting.
It can be viewed as a generalization of equality (or equivalence) test-
ing from two arguments to an arbitrary number of arguments since
it decides all the pairwise equalities between its inputs in one go by
grouping them into equivalence classes.

In this paper we provide a general framework for multiset discrimi-
nation suitable for packaging multiset discriminators as a reusable soft-
ware component. It shows how multiset discriminators can be defined
polytypically ; that is, inductively on the type structure of the input
data. The polytypic discriminators are optimal for data structures
without sharing. We show how linear time multiset discriminators can
be defined for shared, acyclic data. Finally, we point out that three
seemingly different algorithms on partition refinement for circular solve
certain instances of multiset discrimination for We conclude by pulling
them together into a single algorithm

This allows extending multiset discrimination to abstract data types
and type constructors and suggests that multiset discrimination should
be built as base functionality into types, generalizing equality. The
algorithmic ingredients behind multiset discrimination have been pub-
lished before, though under disparate names and for special instances
of multiset discrimination. Our contribution lies in demonstrating
that can be combined for multiset discrimination in basically arbitrary
cyclic data structures in time O(m log n) for data structures with m
edges and n nodes.

We provide general considerations for applying multiset discrimi-
nation vis a vis hashing and (comparison-based) sorting and give some
empirical evidence of its practical efficiency.

∗Affiliation: DIKU, University of Copenhagen, Universitetsparken 1, DK-2100 Copen-
hagen East, Denmark, Email: henglein@diku.dk. This research was partially supported
by the Danish Research Council under Project PLI.
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1 Introduction

Imagine you are asked to (write a program to) determine the anagram classes
in a dictionary; or decide whether two sequences of integers represent the
same set or multiset; or minimize an acyclic deterministic finite state au-
tomaton; or replace all distinct tokens in a program by numbers 0, 1, . . . , n
(but same tokens by same numbers, of course); or figure out whether two
nonrecursive types are isomorphic up to associativity and commutativity of
the product type constructor; or decide the word problem for terms with
binary operators that may be associative, commutative, idempotent or any
combination of that. Imagine also that the program should be efficient in
practice and run in worst-case linear time, without hashing or any dynamic
allocation of arrays for that matter. And, while you are at it, your program
might as well compact the input by eliminating all duplicates or isomor-
phic elements for space savings and for enabling improved performance of
subsequent operations on those data.

Or imagine you are asked to compress graphs or multigraphs (with or-
dered or unordered sets of neighbors with n nodes and m edges by identifying
all isomorphic nodes in it and to do so in time O(m ∗ log n+n), again with-
out hashing. In other words do the above problems, but allowing cyclic data
structures.

All these problems, and many more, can be solved by multiset discrim-
ination, a set of algorithmic techniques developed by Paige et al. in 1984-
1997. Multiset discrimination is a batch-oriented technique for solving equiv-
alence problems. Since it can supplant both hashing and (comparison-based)
sorting in many contexts, has better asymptotic complexity than both of
them, and is easily implemented in a modular fashion without breaking ab-
straction barriers, we argue that it should be considered a basic algorithmic
tool on a par with hashing and sorting.

2 Basics

In this section we introduce the basic concepts.

2.1 Atomic types

Let A be a set of atomic type names with an an associated type interpreta-
tion, which maps each a ∈ A to a triple (Va, |.|a, =a) where:

1. Va is a set of atomic values, the values of type a;

2. |.|a maps each element of Va to a natural number, its size; and

3. =a is an equivalence relation on Va, which we call the equality on Va

(or simply a).
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We assume that Va, Vb are disjoint for a 6= b. We shall refer to A and its
type interpretation simply by A.

2.2 Values and their sizes

The set VA[N ] of values over atomic types A and node set N is defined to
be the set of expressions (abstract syntax trees) given inductively by the
following grammar.

v ::= () | (v1, v2) | Inl(v1 ) | Inr(v2 ) | c | n

where c ranges over
⋃

a∈A Va and n ranges over elements from the set of
nodes (or locations or pointers) N , which we assume to be disjoint from
atomic values.

The size |v| of a value v is defined inductively as follows:

|()| = 0
|(v1, v2)| = |v1|+ |v2|
|Inl(v1 )| = 1 + |v1|
|Inr(v2 )| = 1 + |v2|

|c| = |c|a for c ∈ Va

|n| = 1

The size function is intended to give a measure of how much memory a
value requires when stored. Note the following:

• The size function reflects a unit-cost pointer model, where nodes (store
addresses) are considered to have unit size and allow constant-time ac-
cess. For algorithmic analysis, this simplifying assumption is justified
as long as the number of store addresses we require in an algorithm
is reasonably related to the input size of the problem given problem
instance; see e.g. Tarjan [Tar83].

• The size of a pair is the sum of the sizes of each component, even if
the components are identical. The size function measures the space
required to store a value in unboxed (endogenous) or in boxed (exoge-
nous) form with linear pointers only; that is, without sharing. (If a
value occurs more than once in another value, it needs to be stored
multiple times to ensure that there is but one pointer to each occur-
rence of it.) Only nodes are sharable pointers.
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2.3 Type expressions

The set T A of (first-order) type expressions over atomic types A, henceforth
simply called types, is defined to be the set of expressions (abstract syntax
trees) given inductively by the following grammar.

τ ::= 1 | τ × τ | τ + τ | a | ref (τ) | α | µα.τ

where a ∈ A, α ranges over a denumerable set of type variables disjoint from
A, µα.τ binds α in τ , and τ must not be a type variable. A type τ is closed
if it has no free type variables.

We define the k-fold product τk as follows:

τk =

{
1 if k = 0
τ × τk−1 if k > 0

We can define the list type constructor as type scheme; that is a type with
a free type variable: list(α) = µβ.1 + α× β. Other type constructors can
be define similarly.

We abbreviate Inr(v1 , Inr(v2 , . . . , Inr(vk , Inl()) . . .)) as [v1, v2, . . . , vk].
It is easy to see that all elements of type list(τ) for any τ must have this
form.

2.4 Stores

A store S is a pair (N, E) where N is a finite set of nodes and E is a
mapping from N to VA[N ]. We call {E(n) : n ∈ N} the values stored in S.
Note that each node that occurs in a stored value must in turn be mapped
to some value (“no dangling pointer”), any given node may occur multiple
times (sharing), and stores may form cyclic data structures. occur multiple
times (sharing). We can think of

The size |S| of a store S = (N, E) is defined as

|(N,E)| = Σn∈N |E(n)|.

2.5 Store typings

A candidate store typing Γ for store S = (N, E) is a set of pairs of the form
(n, ref (τ)), where n ∈ N and τ is a type. We say value v has type τ under
candidate store typing Γ, written Γ |= v : τ , if Γ ` v : τ can be derived in
the inference system of Figure 1.

We can now define the store typing ΓS of S = (N, E) coinductively as
the largest candidate store typing Γ for S for which we have Γ |= E(n) : τ
for all (n, ref (τ)) ∈ Γ). Note that ΓS is well-defined since Γ |= v : τ is
monotonic in Γ; that is, if Γ ⊆ Γ′ and Γ |= v : τ then Γ′ |= v : τ . Finally, we
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Γ ` () : 1

Γ ` v1 : τ1 Γ ` v2 : τ2

Γ ` (v1, v2) : τ1 × τ2

Γ ` v1 : τ1

Γ ` Inl(v1 ) : τ1 + τ2

Γ ` v2 : τ2

Γ ` Inr(v2 ) : τ1 + τ2

Γ ` c : τc (if τc is atomic type of c)

Γ ` n : ref (τ) (if (n, ref (τ)) ∈ Γ)

Γ ` v : τ [µα.τ/α]
Γ ` v : µα.τ

Figure 1: Value typing rules
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say v has type τ under store S and write S |= v : τ if ΓS |= v : τ . We say v
has type τ or is an element of τ under S. If S is irrelevant (for values with
no nodes) or understood from the context, we will just say that v has type
τ .

2.6 Equivalence relations on nodes

An equivalence relation on set X is a binary relation E ⊆ X × X that is
reflexive, symmetric and transitive. It partitions X into a set of disjoint
equivalence classes (or blocks) where x, y belong to the same block if and
only (x, y) ∈ E . Equivalence relations on X constitute a distributive lattice
under operations ∨ and ∧ where E1 ∨ E2 is the least equivalence relation
containing E1∪E2 and E1∧E2 = E1∩∩E2. For distinct equivalence relations
R,R′ on N we say R is a refinement of R′ or R′ is coarser than R if R ≤ R′

in this lattice. We write ⊥N = {(n, n) : n ∈ N} (or simply ⊥ if the N is clear
from the context) for its bottom element, and >N = {(n, n′) : n, n′ ∈ N}
(or simply >) for its top element.

Given store S = (N,E), let E be an equivalence relation on N . We write
∼=E for the congruence induced by E on VA[N ]; that is, the smallest binary
relation R with following closure property (compatiblity):

1. (c, c′) ∈ R for all c, c′ ∈ Va such that c =a c′;

2. ((), ()) ∈ R;

3. if (v, v′) ∈ R and (w, w′) ∈ R then

(a) ((v, w), (v′, w′)) ∈ R,

(b) (Inl(v), Inl(v ′)) ∈ R, and

(c) (Inr(w), Inr(w ′) ∈ R.

Note that ∼=E is an equivalence relation. We write v = v′ if v ∼=⊥ v′.
An equivalence relation E on N induces a (not necessarily different)

equivalence relation by relating the values of the nodes: Define EquivS(E) =
{(n, n′) : n, n′ ∈ N∧E(n) ∼=E E(n′)} for store S = (N,E). We say E induces
EquivS(E) and call EquivS(E) the equivalence induced by E . With this in
place, we can now define the isomorphism relation ∼=S on a store S = (N,E)
to be the largest equivalence relation on N which induces itself; that is, it
is the largest relation R such that R = EquivS(R). Note that ∼=S is well-
defined since EquivS(.) is monotonic with respect to ≤ in its argument. In
particular, ∼=S can be computed by greatest fixed point iteration since it is
≡i

S (>) for some i ∈ N . Note that ∼=E is independent of E on V A = V A[∅].
Consequently we may write, ambiguously but correct, v ∼= v′ if v ∼=E v′ for
such values.
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2.7 Implementation model

In the following we shall be informal (as is usual) when performing algorith-
mic analysis of our.

Values are, as mentioned above, implemented as (proper) tree structures
with atomic values (incl. ()) and nodes at the leaves. Each internal tree
node has but one pointer to it. If a value is to be stored more than once
this requires copying its tree data structure.

A store S is, as the name suggests, implemented as a set of memory
locations (the nodes). Such a memory location contains a (singly-referenced)
pointer to the tree representation of its value.

We can think of the nodes in a data structure as classified into linear
nodes and nonlinear nodes: the linear nodes are pointed to exactly once, and
the nonlinear ones may be pointed to any number of times. Note that the
nonlinear ones (only) correspond to our node set N in a store S = (N,E).
The linear ones are implicit in the values that E maps the nodes to. In this
fashion all sharing and cyclicity of data structures can only occur through
N .

3 Multiset discrimination: The problem

Informally, the term (multiset discrimination refers to the problem of par-
titioning a list of input values into equivalence classes of pairwise equal or
equivalent elements. Multiset refers to the input list and our intention of
viewing it as a representation of a multiset, where the order of elements is
irrelevant. Discrimination refers to the process of distinguishing (discrimi-
nating) between nonequal (or nonequivalent) elements, the result of which
is expressed by partitioning the input into equivalence classes.

Note that multiset discrimination applied to a list of two elements decides
equality (or equivalence) between the two elements: if the result has but
one equivalence classe, the two elements are equal (equivalent); if it has two
equivalence classes they are not. In this sense multiset discrimination can
be viewed as the generalization of equality (equivalence) testing from two
arguments to any finite number of arguments.

We shall generalize the definition of multiset discrimination somewhat.
We shall split each value in the input list into two parts: a label and an
information item. A discriminator then collects those information items
with equivalent labels into equivalence classes and returns them. In doing
so, it inspects only the labels (which may be arbitrarily structured values)
without accessing the information items themselves; that is, it is parametric
polymorphic in the information items. The labels themselves are not part
of the output.

The fact that the labels in the input are not returned in the output is a
convenience. It makes for simple definition and an efficient implementation
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of discriminators since discriminators can freely destruct and discard labels
during processing without having to store them. This does not constitute a
loss of expressiveness: If we want to retain the labels as part of the output,
we simply call the discriminator on input [(v1, (v1, w1)), . . . , (vn, (vn, wn))]
instead of [(v1, w1), . . . , (vn, wn)].

We shall make the above precise now. We say f has type τ → τ ′ if f
terminates with a value of type τ ′ for each input value of type τ . Apart
from its input, f may access and update a store equipped with one or more
equivalence relations; f has type ∀β.τ if it is parametric polymorphic in β
[Rey83, Wad89]. For a list of lists P = [B1, . . . , Bk] we write concat(P) for
the concatenation of B1, . . . , Bk. If R is a list of pairs, we write Domain(R)
for the list of first components of the elements of R and Range(R) for the list
of their second components, in both cases in the same order as in the input.
Finally, we write R∼

x (R) for the list of second components w of elements
(v, w) where v ∼ x, again in the same order as they appear in R.

Definition 3.1 [Discriminator] A discriminator for τ under equivalence
relation ∼ is a parametric polymorphic function Dτ : ∀β.list(τ × β) →
list(list(β)) that operates on a store (implicit or global argument) such that

1. concat(Dτ (R)) is a permutation of Range(R); and

2. If Dτ (R) = [B1, . . . , Bk] then for each i, 1 ≤ i ≤ k there is x ∈
Domain(R) such that Bi is a permutation of R∼

x .

If the latter property holds with the identity permutation, that is Pi = R∼
x ,

we say the discriminator is order-preserving. 2

Note that labels need not be atomic. They may be arbitrarily complex
values. Without loss of generality, we assume that the second components
of the input are passed as nodes.

4 Atomic discrimination

The above defines the problem of multiset discrimination. The term multiset
discrimination, however, has been introduced by Paige et al. to refer to a set
of particular algorithmic techniques for multiset discrimination that avoid
hashing (and, coincidentally, comparison-based sorting).

We capture these techniques in stages. First we cover basic multiset dis-
crimination for nodes and atomic types. Then we extend them by polytypic
definition to types construted from products, sums and uniform recursion.

4.1 Numbers

Consider the atomic type K, which denotes the initial segment of numerals
[0 . . . K − 1] with |v|K = 1 and v1 =K v2 if and only v1 and v2 denote the
same numbers.
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Given numerals V = [v1, . . . , vl] drawn from K We can implement multi-
set discrimination ∆K for K under equality =K by using a single, statically
allocated and initialized dictionary object DictObjK with the following fields
and methods:

dictArray: array of size K, indexed by [0 . . .K − 1];

labels: field for holding a list with elements in [0 . . . K − 1].

add(x, y): method which adds y at the end of the list at index x in dictArray;
furthermore, if the list at x is empty before that, it adds x to labels
(anywhere).

getLists(): returns the list of all nonempty lists in dictArray by looping
through the indexes stored in labels. In in this process, all dictArray [x]
are reset to the empty list, and, finally, labels is also reset to the empty
list.

Using DictObj as a global variable bound to DictObjK , we can implement
∆K [(v1, w1), . . . (vl, wl)] as follows:

1. For each i ∈ [1 . . . l], add (xi, yi) to DictObj (that is, call DictObj .add(xi, yi)).

2. Return the nonempty lists in DictObjK and reset it; that is, call
DictObj .getLists().

Proposition 4.1 ∆K is an order-preserving discriminator for K under =K
that executes in time O(n) on input [(v1, w1), . . . , (vn, wn)].

Note that this holds even if n << K since we have assumed DictObjK

to be allocated and initialized at program start time (at zero cost if K is
static, or at cost O(K) if K is an input parameter). In other words, array
and The key invariant is that before and after every call to ∆K both labels
and dictArray [x] for each x ∈ [0 . . . K − 1] are empty.

Allocation of DictObjK requires time O(K) since each element of the
array needs to be initialized to the empty list. By a well-known coding trick
[AHU74, Exercise 2.12], initialization can be reduced to O(1) time. It is
based on O(1)-time reservation of memory for arbitrary sized arrays, which
are then assumed to be unpredictably initialized. Treating the allocation
as an O(1) operation is problematic from both theoretical and practical
viewpoints in some situations. It is justifiable as long as the size of the
allocated array is reasonably related to the input size of the problem instance
that is being solved. If we use a number that is input to a procedure to
allocate an array of that size, the array is exponentially bigger than the
input size (in logarithmic-cost model), respectively arbitrarily larger than
the input size (in a unit-cost model). Here, treating the array allocation as
a constant-time operation is, from a physical viewpoint, questionable.
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In practical terms the problem is quickly evident. Imagine we want to
discriminate a list of n 64-bit integers on a contemporary computer. This
can be done in time O(n) using ∆

264 ; that is, using a static array of size
264, which considerably exceeds the cumulative digital electronic storage
there has ever been in existence. We may choose to improve upon this by
only allocating an array of size M , where M is the maximum value in the
input, but this doesn’t help much since 11. . .111 may be in the input. A
final note: Implementing the coding trick in modern type safe programming
languages is impossible since, as experience has shown, allowing uninitialized
or unpredictably initialized storage structures is a bad idea.

Interestingly, Paige and Tarjan make use of this trick in the multiset
discrimination phase of their lexicographic sorting algorithm since they be-
lieve that a new DictObjK-objects need to be allocated dynamically at the
beginning of a partition step [PT87, p. 976]. This, however, is unnecessary:
a single DictObjK object is sufficient. This simplifies their algorithm and
makes their results immediately applicable on a machine model that requires
Θ(n) time for allocation of arrays of size n.

Zibin, Gil and Considine use the trick to discriminate n integers from K
in time O(n) and Θ(K +n) space [ZGC03, Lemma 2.5]. As we have pointed
out, this is asymptotically questionable for n << K. We shall see how K
and even N , the infinite set of all nonnegative integers, can be discriminated
space and time efficiently, using multiset discrimination for product types.

We shall assume henceforth that we only have one atomic type of the
form K in A with a “small” K: the type char = 256 of characters. Indeed,
this is only for practical convenience since even char can be coded and
discriminated as the type 2 8 where 2 = 1+1. Since, in the following, ∆K is
the only discriminator that applies arrays and address arithmetic this means
that multiset discrimination ultimately only requires pointer operations.

4.2 References

Given store S = (N,E) with equivalence relation E on N and an input list
R = [(v1, w1), . . . , (vn, wn)] where the vi are references, we would like to
discriminate R under E . In the canonical case where E ⊥N , which relates
any reference only to itself, this corresponds to grouping the input into
information items wi with equal references as labels.

We can represent an equivalence relation on a store by implementing
references as pointers to records containing both (the tree representation of)
its value and an auxiliary pointer that represents the equivalence class in E
that the reference belongs to. We call this auxiliary pointer the equivalence
class pointer or E − pointer of the reference. (In general, a record have
more than one auxiliary pointer, one for each equivalence relation we are
interested in maintaining on references. For now, we restrict ourselves to
records with but one equivalence class pointer.) The E-pointer points to
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some auxiliary storage area we only need during multiset discrimination of
references. It plays a dual role:

• It allows deciding equivalence in constant time: Two nodes are equiv-
alent if their E-pointers are equal (as pointers).

• It enables basic multiset discrimination on nodes: It points to a lo-
cation in auxiliary memory for storing lists of values during multiset
discrimination. It is empty before and after that.

A discrimination record discObj is a record with the following fields:

contents: field holding the contents of the record;

ecPointer : field holding an equivalence class pointer.

Each equivalence class pointer points to a discrimination object (or E-
object) which has the following field and methods:

assocInfo: (private) field for storing arbitrary information, in particular for
storing lists of discrimination record pointers;

isEmpty(): returns true if and only if assocInfo is empty;

add(y): method that adds y to the end of assocInfo;

getList(): method that returns the contents of assocInfo before resetting it
to the empty list.

A d iscriminable reference is a reference to a discrimination record.
Discriminable references and their contents encode the global store S =

(N,E) and E : There is a discriminable reference for each node in N ; E(n)
is stored as the contents of the discriminable object that n references; and
(n, n′) ∈ E holds if and only if the contents of the ecPointer -fields of n and n′

are equal. Since both contents and ecPointer are accessible and updateable,
this means updates to E and E are effected by updating existing objects,
and updates to N can be performed by allocating new discriminable objects
or deleting existing ones.

We can implement ∆ref (.)[(v1, w1), . . . (vn, wn)] as follows, if v1, . . . , vn

are implementated by discriminable references:

1. Assume ecPointers = [];

2. For each i ∈ [1 . . . n] do:

(a) if vi.ecPointer .isEmpty() then ecPointers := vi.ecPointer :: ecPointers;

(b) vi.ecPointer .add(wi);

3. res := [];
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4. For each p ∈ ecPointers do:
res := p.getList() :: res;

5. ecPointers := [];

6. Return res;

Proposition 4.2 ∆ref (.) is an order-preserving discriminator for ref (τ) for
any type τ under =E that executes in time O(n) on input [(v1, w1), . . . , (vn, wn)].

It is easy to underestimate the broad applicability of discrimination
pointers in general. They not only allow constant-time testing of equiva-
lence, they make associating of arbitrary information with an equivalence
class in worst-case constant time possible. We have used this to associate
all the information items with labels in the same equivalence class.

5 Structured value discrimination

In the previous section we have seen efficient order-preserving discriminators
for atomic type char (more generally for initial segments [0 . . . K − 1]) and
for references. In this section we show how to extend them to discriminators
for arbitrary first-order types build from product, sum and inductive types
defined by uniform (type) recursion.

More precisely, let us write δτ for the discriminator type ∀β.list(τ × β) →
list(list(β)). Figure 2 defines a family of functions ∆Γ

τ of type δτ for each
τ , where Γ maps each type variable α occurring free in τ to a function Γ(α)
of type δα.

Note that ∆Γ
τ is defined polytypically, that is by induction on the type

structure of τ [JJ96]. In particular, each k-ary type constructor is mapped to
a k-ary discriminator constructor, which input discriminators for the input
types of the type constructor and produces a discriminator for its result
type. (In other words, ∆ is defined functorially.)

This lays out a blueprint for extending ∆ to other basic types and type
constructors, including abstract types and type constructors. In particular,
it suggests that providing a discriminator (discriminator constructor) for a
type (type constructor) is as fundamental an operation on types as provid-
ing an equality operation and that this can be done without breaking the
abstraction barrier of abstract types beyond making (abstract) equality ob-
servable. What makes this compelling is that ∆ is asymptotically optimal
(linear time) and practically (easy to implement, low overhead) efficient.

Discriminator Dτ is optimal if it executes in time O(n) and auxiliary
space O(n) on inputs R with |R| = n.

Lemma 5.1 (Optimality) If Γ maps each α to an optimal order-preserving
discriminator ∆a that is optimal for type a, where a has type interpretation
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Let reassoc(.), split(.) be functions such that:

reassoc([((u1, v1), w1), . . . , ((un, vn), wn)]) = [(u1, (v1, w1)), . . . , (un, (vn, wn))],

split(R) = ([(v′, w) | (v, w) ∈ R∧v = Inl(v ′)], [(v′′, w) | (v, w) ∈ R∧v = Inr(v ′′)]).

∆Γ
1 (R) = [Range(R)]

∆Γ
τ1×τ2(R) = let R′ = reassoc(R)

[S1, . . . , Sk] = ∆Γ
τ1(R

′)
[W1, . . . , Wk] = [∆Γ

τ2(S1), . . . ,∆Γ
τ2(Sk)]

in concat([W1 , . . . ,Wk ])

∆Γ
τ1+τ2(R) = let (R1, R2) = split(R)

(W1,W2) = (∆Γ
τ1(R1), ∆Γ

τ2(R2))
in concat([W1 ,W2 ])

∆Γ
α(R) = Γ(α)(R)

∆Γ
µα.τ = f where

f(R) = ∆Γ{α 7→f}
τ (R)

∆Γ
a (R) = ∆a(R)(where ∆a is the standard discriminator for a)

∆Γ
ref (τ)(R) = ∆ref (.)(where ∆ref (.) is the standard discriminator for discriminable references)

Figure 2: Standard discriminators for structured types
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(Va, |.|a, =a), then ∆Γ
τ is an optimal order-preserving discriminator for type

τ .

Theorem 5.2 Let τ be a closed type. Then ∆Γ
τ is independent of Γ, which

we simply write as ∆τ . Furthermore, ∆τ , when applied with global store
S = (N, E) and equivalence relation E on N , is an optimal order-preserving
discriminator for τ under ∼=E .

We refer to the type-indexed family of functions ∆τ collectively as ∆. We
may also simply write ∆ as a short-hand for ∆τ for the appropriate τ . Note
that the type-indexed nature of ∆ does not restrict ∆ to be applied to ho-
mogeneous sets of values only. All values in V A[N ] can be represented as el-
ements of the universal type U = µα.1 + (α× α) + (α + α) + Σaa + ref (α),
which is a definable type.

Recall that the type of lists over elements of type β can be defined as a
type schema (type with at least one free variable):

list(α) = µα.1 + β × α.

In particular, we can define the type of strings string as string = list(char).
Figure 2 then provides a standard discriminator for string . It discriminates
a list of string inputs as labels and associated references to information items
in worst-case linear in the sum of the lengths of the string labels.

The standard discriminator for lists processes the input informally as
follows: It splits the input into occurrences of the empty list and occurrences
of nonempty lists. The nonempty lists are then split into subclasses of lists
according to their first elements by applying the element discriminator to
them, splitting the nonempty lists into classes of lists. These classes are
then discriminated by applying the discriminator recursively to each class
separately. The discriminator stops the recursion as soon as a class contains
only a single list element. In this fashion, the discriminator only looks at
the minimal distinguishing prefixes of the input lists.

Since strings are isomorphic to lists of characters, this provides an ef-
ficient string discriminator where only the minimal distinguishing prefixes
are processed. This is the essence of Paige/Tarjan’s lexicographic sorting
algorithm [PT87, Section 2], which refuted the then widely held belief that
linear-time lexicographic sorting required right-to-left processing of the in-
put strings and thus processing of all the characters in the input [Meh84,
exercise 18, p. 100].

We can improve the implementation of ∆ by adding the clause

∆Γ
τ ([(v, w)]) = [[w]]

to its implementation at each type τ . This clause expresses that there is
no need for processing the label v if the input consists of a single pair and
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there can thus be only a single singleton equivalence class as the answer.
This simple observation is at the center of the discrimination phase of Paige
and Tarjan’s lexicographic sorting algorithm [PT87, Section 2]. For strings
— or generally lists — it means that the discriminator only processes the
minimum distinguishing prefixes of the string labels.

Multiset discrimination was first developed for strings [PT87, Section
2]. Our polytypic definition of ∆ factors its algorithmic ingredients into
its independent basic components for the unit type, sums, products and
recursive type definitions and thus generates discriminators for arbitrary
first-order types, not just strings. We shall look at a number of special cases
and applications below.

5.0.1 Large integers revisited

Fixed size integers, such 32-bit or 64-bit integers, can be viewed as strings.
In partcular, we can decompose a 32-bit integer uniquely in constant time
into an element of char4. ∆char4 then yields an optimal discriminator on
such fixed size integers that requires only a single 256-element array — the
one array More radically, a 32-bit integer can be treated “bit sequentially”
as an element of 2 32, and ∆232 yields a discriminator that requires no array
operations at all. (On contemporary general purpose computers decompo-
sition into 8-bit blocks (characters) or 16-bit blocks (elements of 65536) is
substantially more efficient, however.)

Infinite precision integers can be viewed as elements of string and dis-
criminated in linear time by ∆string .

Example 5.3 [Example discriminators] An efficient char -discriminator dchar

can be used to produce a mapping from characters to all the strings that
contain a given character in time linear in the size of the input (the sum of
the sizes of the input strings). To do so, given a list of strings, form the list
of all pairs (c, sr) where c is a character occurring in string s and sr is a
pointer to s. Then apply dchar to that list. In the result, each character is
associated with the list of (pointers to) strings containing that character.

An efficient string-discriminator dstring can be used to find all the occur-
rences of a word in a text and to so for all words in the text in time linear
in the input text. To do so, simply execute dstring(l) where l′ is a list of
pairs (s, p) of strings s occurring at position p in the input text in document
order. The result will list all the unique strings in the input (in the order
they were first encountered), associated with a list of all the positions at
which they occur. We could use hashing or sorting techniques to solve this
problem. They will not qualify as efficient discriminiators, however, since
they do not run in worst-case linear time. We shall see an efficient string
discriminator shortly.

2
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6 Multiset discrimination under nontrivial equiv-
alences

There are cases where we would like to discriminate up to some nontrivial
equivalence relation on the labels. For example, the equivalence relating any
two strings whose first 4 characters are equal, or the equivalence that relates
strings s and s′ if there is a permutation of the letters in s resulting in s′. In
the first case, the equivalence is induced by a function, namely the function
that maps a string to its prefix of up to the first 4 letters. In the second
case, the equivalence is induced by an algebraic property: the associativity
and commutativity of the string concatenation operator or, equivalently, by
treating the string not as a sequence but as a bag (multiset).

We shall see treat two cases cases: equivalence relations that can be
defined by functions, and equivalence relations induced by set- and bag-
values. (Sequences are already covered as lists).

6.1 Function-induced equivalences

Let f be a function τ → τ ′. We write v1
∼=f
E v2 if and only if f(v1) ∼=E f(v2)

and say ∼=f
E is the equivalence induced by f on N under E . We may omit E

if it is irrelevant or clear from the context.
For any function f we can implement a discriminator for τ under f as

follows:

D[(v1, w1), . . . , (vn, wn)] = ∆τ ′ [(f(v1), w1), . . . , (f(vn), wn)]

Originally, multiset discrimination was formulated as the problem of find-
ing duplicates in an input list. The definition of discriminator the problem
of multiset discrimination as partitioning its input under some given equiv-
alence relation (such as equality) was generalized by Cai and Paige [CP95]
to allow for discrimination under the equivalence ≡f given by an additional
function argument f : Input elements v1, v2 are equivalent, v1 ≡f v2, if they
are mapped to the same range value under f ; that is, f(v1) = f(v2), where
= is the (predefined) equality relation of the result type. The result of the
multiset discrimination is then a map from result values to the set (imple-
mented as a list) of values . In other words, in their formulation, a multiset
discriminator is a function that computes the inverse of an input function
for a given finite input set of domain values.

6.2 Bag and set equivalences

6.2.1 Basics extended

We shall now investigate discrimination for the equivalences defined for bags
and sets.
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To do so, we extend the notions of Section 2 as follows. The construction
of values is extended with two alternatives for enumerated finite sets and
bags or simply sets and bags: 〈v1, . . . , vn〉 and {v1, . . . , vn} resulting in

v ::= () | (v1, v2) | Inl(v1 ) | Inr(v2 ) | c | n
| 〈v1, . . . , vn〉 | {v1, . . . , vn}

We may also write set [v1, . . . , vn] and bag [v1, . . . , vn] to emphasize that, syn-
tactically, sets and bags are but lists annotated with our intention of treating
them as sets and bags, respectively.

The size function is extended to simply add the sizes of the elements of
a bag or set:

|()| = 0
|(v1, v2)| = |v1|+ |v2|
|Inl(v1 )| = 1 + |v1|
|Inr(v2 )| = 1 + |v2|

|c| = |c|a for c ∈ Va

|n| = 1
|〈v1, . . . , vn〉| = Σi∈{1...n}|vi|
|{v1, . . . , vn}| = Σi∈{1...n}|vi|

We add type constructors set(.) and bag(.), which yields

τ ::= 1 | τ × τ | τ + τ | a | ref (τ) | α | µα.τ

| bag(τ) | set(τ)

The value typing rules of Figure 1 are extended with:

Γ ` v1 : τ . . . Γ ` vn : τ

Γ ` 〈v1, . . . , vn〉 : bag(τ)

Γ ` v1 : τ . . . Γ ` vn : τ

Γ ` {v1, . . . , vn} : set(τ)

Finally, the definition of ∼=E the congruence on V A[N ] induced by an
equivalence relation E on N , is extended as follows. It is the smallest relation
R closed under the following rules:

1. (c, c′) ∈ R for all c, c′ ∈ Va such that c =a c′;
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2. ((), ()) ∈ R;

3. if (v, v′) ∈ R and (w, w′) ∈ R then

(a) ((v, w), (v′, w′)) ∈ R,

(b) (Inl(v), Inl(v ′)) ∈ R, and

(c) (Inr(w), Inr(w ′) ∈ R;

4. if there exists a permutation π : {1 . . . n} → {1 . . . n} such that (vi, wπ(i)) ∈
R for all i with 1 ≤ i ≤ n then (〈v1, . . . , vn〉, 〈w1, . . . , wn〉) ∈ R;

5. if for all i ∈ {1 . . .m} there exists j ∈ {1 . . . n} such that (vi, wj) ∈ R
and, conversely, for all j ∈ {1 . . . n} there exists i ∈ {1 . . . m} such that
(vi, wj) ∈ R then ({v1, . . . , vn}, {w1, . . . , wn}) ∈ R.

The last two clauses — the only ones that distinguish bags and sets from
ordinary lists — express the bag- and set-properties of bags and sets.

6.2.2 Bag discrimination

The basic idea for multiset discrimination of bag values of type 〈τ〉 is as
follows: Let ≤ be any total order on the values of τ . We can discriminate a
list of values

[(〈~v1〉, w1), . . . , (〈~vk〉, wk)

by first sorting the ~vi according to some total order on their elements and
then applying the standard list discriminator to [(sort(<)~v1, w1), . . . , (sort(<)~vk, wk)].

But how to do this? Many types do not come equipped with a com-
parison function defining a total order. This holds, in particular, for refer-
ences.1 In any case, sorting based on a standard sort operation would require
Θ(n log n) applications of the comparison function, which is too slow for us.

We do not need a standard ordering, however: The above statement
is correct for any total order ≤. Sorting according to an arbitrary data-
dependent ordering, which the algorithm itself finds, has been called weak-
sorting by Paige [Pai95]:

A function f : list(bag(τ)) → list(list(τ)) is a weakly sorting function
(or weak-sorter) if there exists a total order ≤ on τ such that

1. for f [~v1, . . . , ~vk] = [~v′1, . . . , ~v′l] we have k = l and ~v′i is a permutation of
~vi for all 1 ≤ i ≤ k;

2. each ~v′i is sorted according to ≤; that is, if ~v′i = [v′i1, . . . , v
′
ini

] then
vij ≤ vi(j+1) for all 1 ≤ j < ni.

1All hell would break loose if we made a standard comparison function on references
available. Just think about implementing garbage collection correctly since it would have
to preserve the sort order of references. The absence of an observable standard total
ordering on references allows treating stores “up to α-equivalence”.
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Linear-time weak sorters are surprisingly simple to implement by ap-
plying multiset discrimination twice. The basic idea is as follows (we are
somewhat informal here):

1. Perform multiset discrimination on

[(c11, l1), . . . (c1k1 , l1), . . . , (cn1, ln), . . . (cnkn , ln)];

that is, on the containments of elements in lists.

2. This results in a permutuation of the input such that all the pairs
(c, l) with the same element c are adjacent to each other. This list
establishes a total order on them: c < c′ if all the occurrences of c
occur before all the occurrences of c′.

3. Flip the components in each pair of the permutation, resulting in a
list of pairs (l, c).

4. Perform multiset discrimination on that list of pairs, using an order-
preserving discriminator.

5. This results in a partition where each equivalence class of contains
pairs (l, c) with the same list l and with all the elements in l ordered
according to <, the ordering produced by the first multiset discrimi-
nation step, and we are done.

It is easiest to understand this by example. We shall apply weak sorting
to a list of strings, with strings viewed as lists of characters. Let the input
be [ “topside”, “lame”, “male”, “deposit”, “one”].

1. We perform multiset discrimination on [(“t”, “topside”), (“o”, “top-
side”), (“p”, “topside”), . . . , (“n”, “one”), (“e”, “one”)].

2. This results in the partition

[ [(“t”, “topside”), (“t”, “deposit”)], [(“o”, “topside”), (“o”, “de-
posit”), (“o”, “one”)], . . . , [(“m”, “lame”), (“m”, “male”)], [(“n”,
“one”)] ]

and so the permutation

[ (“t”, “topside”), (“t”, “deposit”), (“o”, “topside”), (“o”, “deposit”),
(“o”, “one”), . . . , (“m”, “lame”), (“m”, “male”), (“n”, “one”) ]

of the input. This establishes the total order

“t” < “o” < “p” < “s” < “i” < “d” < “e” < “l” < “a” < “m” <
“n”

on the letters in the input, which is the order in which they occur with
their first occurrences in the input.
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3. Flipping the components of the permutation results in

[ (“topside”, “t”), (“deposit”, “t”), (“topside”, “o”), (“deposit”, “o”),
(“one”, “o”), . . . , (“lame”, “m”), (“male”, “m”), (“one”, “n”) ].

4. Applying multiset discrimination to this list results in

[(“topside”, “t”), (“topside”, “o”), . . . ] ]

and, by factoring out the common first component in each block and
writing the corresponding list of letters in second component position
as a string:

[ (“topside”, “topside”), (“deposit”, “topside”), (“one”, “oen”), (“lame”,
“elam”), (“male”, “elam”) ]

Note that each input string is mapped to the unique permutation that
satisfies the above total order on the characters.

In this example both discriminators — the first one on characters, the
second one on strings — have been order-preserving. For correctness it is
necessary and sufficient if only the string discriminator is order-preserving.

Definition 6.1 [Standard weak sorter] Define Wτ : list(bag(τ)) → list(list(τ))
as follows.

Given an input list [l1, . . . , ln] such that

l1 = 〈c11, . . . , c1k1〉, . . . , ln = 〈cn1, . . . , cnkn〉,
compute

I = [ (c11, (l̂1, (l̂1, c11))), . . . , (c1k1 , (l̂1, (l̂1, c1k1))),
. . .

(cn1, (l̂n, (l̂n, cn1))), . . . , (cnkn , (l̂n, (l̂n, cnkn)))]

where the l̂i are n distinct references, each pointing the corresponding list
li. Then apply ∆ref (list(τ)) ◦ concat(0 ) ◦∆τ , the composition of ∆ref (list(τ)),
the concatenation operator, and ∆τ to I and return the result.

2

.

Lemma 6.2 (Standard weak sorter for bags) Wτ is a weak sorter. Fur-
thermore, it runs in time and space O(n) for inputs of size n.

By composing the weak sorter with list discrimination we arrive at a
discriminator for bags: ∆bag(τ) = ∆list(τ) ◦Wτ .

Theorem 6.3 There is a multiset discriminator ∆bag(τ) for bags under ∼=E
that executes in time O(n) and space O(n) where n is the size of the input.
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6.3 Sorting in linear time

Now that we have seen how to sort in linear time according to some total
order of the input, a natural question is whether we can “trick” the algorithm
to sort according to some predefined order, preferably in linear time.

This is quite simple if it is possible to enumerate all the elements occur-
ring in the actual input in the desired order efficiently.

Consider input L = [l1, . . . , ln] to our weak sorter Wτ . We call bag l0 a
sorting guide for L if, for all i with 1 ≤ i ≤ n, each element of li also occurs
in l0. It is a canonical sorting guide, if each element occurs at most once in
l0. A sorting guide defines a total order on its elements: c < c′ if and only
if the first occurrence of c in l0 occurs before the first occurrence of c′.

Corollary 6.4 Given input L = [l1, . . . , lk] and sorting guide l0 for L, ap-
plying weak sorter Wτ to [l0, l1, . . . , lk] results in [l′0, l′1, . . . , l′k] where, for
each i ∈ {1 . . . k}, l′i is a permuation of li sorted according to the sort order
defined by l0.

This results in a linear-time sorting algorithm if the sorting guide can be
constructed in time O(|L|). Note that L represents k sorting jobs and not
just one, and the cost of constructing the sorting guide may be amortized
over all those jobs.

6.4 Set discrimination

Weak sorting sorts its input bags into lists where repeated elements (under
∼=E) are placed next to each other. By eliminating adjacent duplicates using
equivalence testing under ∼=E after (or, more efficiently, during) weak sorting
we can eliminate all duplicates efficiently. Each element of an input bag
enters into at most two equivalence tests. Since each such equivalence test
can be decided in time linear in its input, we arrive at weak sorter for sets,
which sorts its input sets and eliminates all duplicates in the process.

A function f : list(set(τ)) → list(list(τ)) is a weakly sorting function (or
weak-sorter) with duplicate elimination if there exists a total order ≤ on τ
such that

1. for f [~v1, . . . , ~vk] = [~v′1, . . . , ~v′l] we have k = l, each element of ~vi occurs
in ~v′i and vice versa, and ~v′i does not contain any duplicates under ∼=E ;

2. each ~v′i is sorted according to ≤; that is, if ~v′i = [v′i1, . . . , v
′
ini

] then
vij ≤ vi(j+1) for all 1 ≤ j < ni.

Lemma 6.5 (Standard weak sorter for sets) There exists a weak sorter
W ′

τ for sets that can be implemented to run in time and space O(n) for inputs
of size n.

Theorem 6.6 There is a multiset discriminator ∆set(τ) for sets under ∼=E
that executes in time and space O(n) where n is the size of the input.
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6.5 The uniform word problem with associative, commuta-
tive and idempotent operators

Consider a binary operator ⊗. Let e, e′ be expressions (binary trees) built
from ⊗ and some given constant values. Let ~v,~v′ be the leaves of e and e′,
respectively, in left-to-right order.

• If ⊗ is associative (A) then e = e′ if and only if list(~v) ∼= list(~v ′).

• If ⊗ is associative and commutative (AC) then e = e′ if and only if
bag(~v) ∼= bag(~v ′).

• If ⊗ is associative, commutative and idempotent (ACI) then e = e′ if
and only if set(~v) ∼= set(~v ′).

Multiset discrimination for bags and sets provides an asymptotically op-
timal method for deciding the uniform word problem for any number of op-
erators that are associative, commutative, idempotent, or any combination
thereof. This is done by converting each subtree with the same associative
operator ⊗ into a right-skewed tree whose left child is not an ⊗-node and
then classifying it as a list (if ⊗ is only associative), a bag (if ⊗ is associative
and commutative) or set (if ⊗ is associative, commutative and idempotent).
Performing multiset discrimination of two thus normalized expressions de-
cides whether they are algebraically equal or not. More generally, multiset
discrimination of more than two expressions decides all pairwise equalities
in one go.

Theorem 6.7 Uniform word problem in linear time.

7 Multidiscrimination under isomorphism

Standard discrimination discriminates values in linear time under ∼=E for
some given equivalence relation on the nodes of the global store. It dis-
criminates nodes under the given equivalence relation, not the isomorphism
relation ∼=. This basically means that we can discriminate data structures
that are represented as proper trees, with no sharing of internal nodes in
such trees.

Extending standard discrimination naively to data structures with shared
nodes does not work (efficiently). Consider the binary tree tn where t0 =
Leaf (0) and ti+1 = Node(ti, ti) for i ≥ 0. Its (tree) size is 2n+2 − 2, even
though it can be represented by an ordered directed acyclic graph (dag) with
n + 1 nodes and 2n edges. Our standard discriminator, applied to the list
[(tn, 0), (tn, 1)], will take Θ(2n) time even though the input can be presented
by a data structure of size O(n).

Let ∼= be any equivalence relation with the property that if E(n) = E(n′)
then n ∼= n′. Define the directed graph G = ([V ]∼=, E) as the least graph on
the equivalence classes of∼= satisfying: if (n, n′) ∈ E then ([n]∼=, [n′]∼= ∈ [E]∼=.
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Definition 7.1 [Dagified Store] Store S = (N, E) is dagified by E if we have
for all n, n′ ∈ N : n ∼=S n′ if and only if (n, n′) ∈ E . 2

With equivalence relation E in hand, we can easily contract replace each
node by a unique ee each A dagified heap has a number of important ad-
vantages over an equivalent undagified heap:

1. It enables contracting the store by replacing equivalent nodes by unique
equivalence class representative resulting in a store where no two nodes
are isomorphic.

2. It admits a constant time equivalence test under ∼=S .

3. It admits discrimination under ∼=S by simply discriminating nodes
under E .

Note that fast discrimination (advantage 3) subsumes fast equality testing
(advantage 2).

The problem is producing dagified heaps efficiently. If a heap is required
to be in dagified form at all times, the box operation can no longer be
implemented as a simple-minded allocation of a new node in the heap since
the value may already be stored. Classically, checking whether a value is
already stored is done by value numbering, also called hashed consing, where
a mapping from values already stored in a heap to the boxes mapping to
them is maintained.

This mapping is usually implemented as a hash table. the argument of
a box operation is first hashed and then looked up in the hash table. If the
value already exists in it, this means the value is already stored in the heap
and the corresponding node is returned. If it does not yet exist, the value
is allocated on the heap with a new node and the mapping from the value
to the new node is added to the hash table. In essence the hash table T
represents an inverse of the heap H = (R, V, E): for each b 7→ v ∈ E there
is v 7→ b ∈ T , and vice versa. Hashed consing works well in some situations,
but has its disadvantages: At least twice as much storage is consumed (in
practice much more) compared to simple allocation, if all the box operations
happen to be applied to distinct values. Also, the lookup in the hash table
adds substantial overhead, which slows down the box operation typically by
at least one order of magnitude in comparison to a simple allocation on the
heap.

It is rarely required or even advantageous for a heap to be kept in dagified
form at all times. Note that it is sufficient for fast discrimination that it be
in dagified form just before discrimination is applied.

We shall now show, how an acyclic heap can be dagified in time O(m) and
and a cyclic store in time O(m log n) time, without maintaining a sizeable
auxiliary data structure such as a hash table.
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7.1 Dagification for acyclic stores

Definition 7.2 [Induced graph] Let S = (N, E) be a store. The directed
graph [S]∼ induced by some equivalence relation ∼ on V is defined as
([N ]∼, [E]∼) where:

1. [N ]∼ are the equivalence classes of N under ∼;

2. ([n1], [n2]) ∈ [E]∼ if and only if there exist n′1, n′2 ∈ N such that
n1 ∼ n′1, n2 ∼ n′2 and n′2 occurs in E(n′1).

We write [S] for the graph induced by ⊥N . We say S is acyclic under ∼ if
[S]∼ is acyclic. We say S is acyclic, if [S] is acyclic. 2

Note that if S is cyclic then it is cyclic under any equivalence relation.
The converse is not universally true, of course: there are equivalence rela-
tions that make [S]∼ cyclic without S being cyclic. As we shall see, we have,
however, a weak converse: If [S] is acyclic then so is [S]∼=S and even some
coarser equivalences preserve acyclicity. We can exploit this by performing
dagification in a two-step process: First find an easily computed equivalence
relation ∼ that contains ∼=S and preserves acyclicity of S. Then process the
[N ]∼-equivalence classes in reverse topological order.

7.1.1 Staging

Definition 7.3 [Staging equivalence] Let S = (N, E) be a store. We say
that equivalence relation ∼ on N is a staging equivalence for ∼=, the isomor-
phism relation on N , if:

1. ∼ is equal to or coarser than ∼=; that is, for all n, n′ ∈ N , if n ∼= n′

then n ∼ n′;

2. [S]∼ is acyclic.

2

The first property guarantees that we can dagify each block indepen-
dently of any other block since nodes from different ∼-blocks cannot be
isomorphic. The second property guarantees that we can do the discrim-
ination efficiently in stages, by reverse topological ordering the ∼-classes
according to [H]≡.

The standard staging relation used so far is based on the observation
that nodes at different heights in a tree cannot be isomorphic.

Lemma 7.4 (Depth staging) Let S = (N,E) be an acyclic store. Define
depth(S)n to be the length (measured as the number of edges traversed) of
a longest path in [S] originating from n. Then n ∼D n′ if and only if
depth(S)n = depth(S)n′ is a staging equivalence for ∼=.
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Define zip([v1, . . . , vk], [w1, . . . , wk]) = [(v1, w1), . . . , (vk, wk)]. Let S =
(N,E) be an acyclic store.

1. Compute a staging relation and order its equivalence classes in reverse
topological order [B1, . . . , Bk].

2. Initialize E := ⊥N .

3. For i = 1 . . . k do E := E ∨∆(zip(Bi, Bi));

Figure 3: Acyclic Dagification algorithm. Note that ∆(zip(Bi, Bi)) discrim-
inates Bi under E .

proof Let R be an equivalence relation such that R =∼=R. By induction
on the definition of v ∼=R v′ we can show that if v ∼=R v′ then for all n ∈ N
occurring in v there exists an n′ ∈ N occurring in v′ such that (n, n′) ∈ R.

From this we can conclude that if n ∼=R n′ then depth(S)n = depth(S)n′.
Assume otherwise that k = depth(S)n > depth(S)n′. Let n = n0 → . . . →
nk a longest path in [E]. By the previous observation there must be a
path n′ = n′0 → . . . → n′k such that ni

∼=R n′i for all 1 ≤ i ≤ k. This
shows that depth(S)n′ ≥ k, which is in contradiction to our assumption
that depth(S)n′ < k. This shows that n ∼D n′ implies n ∼=R n′. 2

Other staging relations are possible and indeed necessary if the clo-
sure conditions are extended with ground axioms relating nodes at different
heights. See Downey, Sethi, Tarjan [DST80] for an example of this.

With a staging relation as a guide we can dagify an acyclic store in
bottom-up fashion in a single pass, as shown in Figure 3.

Lemma 7.5 Let R be any relation such that R = EquivS(R). Then after
the i-th iteration of the for-loop in Figure 3 the following holds: R |B1∪...∪Bi=
E.

proof By induction on i. 2

This lemma shows that EquivS(.) has a unique fixed point, which we
can compute “bottom-up”, basically by a least fixed point computation even
though ∼= is defined as a greatest fixed point.

Theorem 7.6 Let S = (N, E) be a acyclic store, then S can be dagified in
time and space O(n) where n = |S|.

proof The depth staging can be computed and topologically sorted in
O(n) time. The algorithm in Figure 3 also executes in time O(n). Since
∼=S= EquivS(∼=S), it computes E such that E =∼=S . 2
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Once we have computed an equivalence relation that dagifies an input
graph, we can employ standard multiset discrimination under E to obtain
multiset discrimination under isomorphism.

Corollary 7.7 (Optimal discrimination under isomorphism for acyclic stores)
For any τ , there is a multiset discriminator ∆mathitiso

τ for τ under iso-
morphism which executes on store S and with input R in time O(n) where
n = |S|+ |R|.

8 Multiset discrimination for cyclic structures

We have seen how to perform multiset discrimination under isomorphism
on arbitrary trees (without sharing) and dags (with sharing), even under
the rich equivalences induced by bag- and set-values. In all cases, we could
perform multiset discrimination in linear time using only pointer machine
operations.

The key step in handling sharing (of nodes) efficiently is dagification.
This was accomplished for acyclic stores by staging the processing of nodes
in This is clearly not possible for cyclic stores. In this section we shall show
how dagification for cyclic stores can be accomplished in time O(m log n)
and space O(m) for store S = (N, E) where m = |S| and n = |N |. This is
the first time we have to resort to a superlinear complexity bound. It holds
for arbitrary stores, with cycles and sharing, with set- and bag-values and
the associative-commutative-idempotent properties they embody. This gen-
eralizes the above-mentioned algorithms and yet matches their asymptotic
performance. There is but one subproblem that is known to perform better
for cyclic graphs (stores): the single-function coarsest partition problem,
which, in our terminology, corresponds to dagification of stores where all
nodes are mapped to tagged singleton sets (or lists or bags for that matter)
of nodes; that is, E(n) has the form (c, [n′]) for c ∈ K for some K. That
problem can be solved in linear time [PT84, PTB85].

This section draws on and generalizes three algorithms from the litera-
ture and shows that they solve related problems in our terminology: Dag-
ification for cyclic graphs where the neighbors of each node form a tagged
list, bag, or set, respectively. Downey, Sethi and Tarjan solved the problem
for lists, calling it the common subexpression problem [DST80]; Cardon and
Crochemore solved it for bags, referring to it as finding the coarsest regular
congruence refining an initial partition [AM82]; and Paige and Tarjan solved
it for sets, calling it the relational coarsest partition problem [PT87, Sec-
tion 3]. (Paige and Tarjan also gave a simpler algorithm than Cardon and
Crochemore’s for bags, calling it the size-stable coarsest partition refinement
problem.)

Each of these algorithms runs in time O(m log n) where n is the number
of nodes and m the number of (multi)edges.
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The algorithms have a common algorithmic structure: formulate the
problem as a (greatest) fixed point problem and then compute the result by
dominated convergence [CP89] to enable efficient incremental computation
in each iteration step. The key step, solved differently in each case, is
efficient incremental computation of the necessary updates by employing a
“modify-the-smaller-half” principle, which was introduced by Hopcroft for
the minimization of deterministic finite automata [Hop71].

We shall see that, using the transformational algorithmic ideas of [CP89],
the algorithms can be combined into a single framework that allows dagifi-
cation of arbitrary stores; that is, stores where each node may be mapped to
any value whatsoever, amongst which lists, bags, and sets as special cases.

As a corollary we obtain that any store of size m and with n nodes can
be dagified in time O(m log n), enabling multiset discrimination pursuant to
this time O(n).

In the following we shall assume, without loss of generality, that our
stores are fully boxed; that is, the only values stored in it are of the form

v ::= () | (n1, n2) | Inl(n1 ) | Inr(n2 ) | c.

8.1 Greatest fixed point computation

Recall that ∼=S for S = (N, E) is the largest congruence relation R such
that ∀n, n′ ∈ N : (n, n′) ∈ R ⇔ E(n) ∼=R E(n′); that is, it is the maximal
fixpoint of EquivS(.). We can compute the maximal fixed point by Kleene
induction, starting with the maximal partition E′ = >N as its only block, and
then computing Ei+1 = EquivS(Ei) until a fixed point is reached. A single
iteration step can be performed in O(m) time by multiset discrimination of
[(E(n), n) : n ∈ V ] under ∼=Ei , where m = |S|. The result of this is Ei+1.
Since there can be at most n such iteration steps this immediately yields an
O(nm) algorithm.

We can improve upon this. The first step is computing the fixed point
by dominated convergence [CP89], which prepares for efficient incremental
computation of each iteration step, as shown in Figure 4.

The bottleneck is Step 3 since a naive implementation of this steps re-
quires time O(m). Note that Figure 4 maintains F as a refinement of E ; that
is, each block of E is made up of one or more blocks of F . We can construct
E ′ in Step 2 of Figure 4 by chosing a block (equivalence class) B of E such
that B = B1 ] . . .]Bk for k ≥ 2 for blocks B1, . . . , Bk of F and defining E ′
to be E where block B is split into two blocks: B1 and B2 ] . . . Bk.

Now consider N ′ = [E]−1B1, the set of nodes {n ∈ N | n′ ∈ B1∧(n, n′) ∈
[E]}, and their complement N ′′ = N−N ′. It is easy to see that for all n, n′ ∈
N ′′ we have (n, n′) ∈ EquivS(()E ′) if and only if (n, n′) ∈ EquivS(()E) since
E = E ′ when restricted to N − B1. Furthermore, if (n, n′) ∈ EquivS(()E ′)
then both n, n′ belong to N ′ or they both belong to N ′′. This gives us
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Let E := >N and F := EquivS(E).
The following loop maintains the invariant F = EquivS(E).

1. If F = E terminate. The answer is E . Otherwise continue with the
next step.

2. Find E ′ such that F ≤ E ′ < E .

3. Compute F ′ := EquivS(E ′).
4. Set (E ,F) := (E ′,F ′) and continue with Step 1

Figure 4: Iterative computation by dominated convergence

the following lemma, which expresses that we can compute F ′ in Step 3 of
Figure 4 incrementally by only processing elements of N ′, the nodes that
depend on B1.

Lemma 8.1 (Distributivity of multiset discrimination) EquivS(()E ′)
can be computed as follows: F ′ := F ∧ EquivS(E ′ |N ′) where E ′ |N ′ denotes
E ′ restricted to the set N ′.

Intuitively, think of the splitting step as assigning the nodes in B1 a new
E-equivalence class pointer All the other nodes retain their equivalence class
pointers and so multiset discrimination on those nodes whose values contain
only elements of N − B1 just gives the same result as before B1 was split
off.

If the store does not contain any set- or bag-values it is easy to see that
the number of edges of [E] incident to N ′ is linearly bounded by the number
of edges incident to B1.

We can always choose B1 such that |B1| ≤ |B|/2. This means that any
node n ∈ N is an element of a B1 chosen in the split step at most O(log |N |)
times. This “modify-the-smaller-half” strategy yields:

Theorem 8.2 Store S = (N,E) without set- or bag-values can be dagified
in O(|E| log |N |) time and O(|E|) space.

This is basically Downey, Sethi, Tarjan’s result for cyclic graphs [DST80],
generalized to apply to 1 and sum type values. Note, however, that our use
of standard multiset discrimination in the incremental computation step of
F ′ yields a somewhat better combined complexity bound than the variants
they give.
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8.2 Incremental discrimination for bags

The above theorem does not immediately extend to stores with bag-values
since bag-values have an outdegree that is not bounded by a constant. In the
worst case, each of the recomputation steps according to Lemma 8.1 may
take time Θ(m) time resulting in Θ(mn) complexity even when applying the
modify-the-smaller-half principle.

We can reduce the complexity as follows. Let E ′ be constructed from E by
splitting off block B∞, as above. Consider a block C of bag-valued nodes. Let
n, n′ be two nodes in C with E(n′) = 〈n1, . . . , nk〉 and E(n′) = 〈n′1, . . . , n′k〉.
Now, we know that E(n) and E(n′) have equally many elements from each E-
block, and in particular from block B. Assume they both have kB elements of
B. After splitting B into B1 and B−B1 when forming E ′, let E(n) and E(n′)
have kB1 , respectively k′B1

elements of B1. Note that they then have kB−kB1 ,
respectively kB−k′B1

elements of B−B1 and both still have the same number
of elements from any other block of E ′. It follows that E(n) ∼=E ′ E(n′) and
thus (n, n′) ∈ EquivS(E ′) if and only if kB1 = k′B1

. In other words, we
can avoid visiting any of the nodes outside B1. More specifically, during the
recomputation step of Lemma 8.1 replace S = (N, E) by S′ = (N, E′) where
E′(n) = 〈n1, . . . , nk〉 if E(n) is bag-valued and n1, . . . , nk are all the nodes
in E(n) that are elements of B1. Now the number of edges incident to N ′

is again linearly bounded by the number of edges incident to B1.

Theorem 8.3 Store S = (N, E) without set-values can be dagified in O(|E| log |N |)
time and O(|E|) space.

Since E′(n) contains only elements of a B1, a single E ′-block, it is suffi-
cient to calculate the number of B1-elements of E′(n) and replacing multiset
discrimination for bag-valued nodes by multiset discrimination on numbers.

This theorem when restricted to stores that contain bag-values only, has
been proved by Cardon and Crochemore [AM82]. Paige and Tarjan [PT87]
presented a somewhat simplified algorithm with the same bounds. The
above theorem combines

8.3 Incremental discrimination for sets

Dagification for set-values is the most difficult dagification subclass. (See
Paige, Tarjan [PT87] for a discussion as to why.)

Let E ′, as before, be constructed from E by splitting off block B∞. Con-
sider two nodes n, n′ in a E-block C of set-valued nodes.

in C with E(n′) = 〈n1, . . . , nk〉 and E(n′) = 〈n′1, . . . , n′k〉.
Now, we know that E(n) and E(n′) have elements of the same E-blocks.

If B is not amongst those blocks, splitting off B1 will not change anything
and n and n′ will also be in the same block in F ′ = EquivS(E ′). Let us
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assume then E(n) and E(n′) both contain elements of B. n can be classified
into one of the three categories: categories:

1. all B-nodes of E(n) are in B1;

2. none of the B-nodes of E(n) are in B1;

3. at least one B-node of E(n) is in B1 and at least one B-node of E(n)
is in B −B1.

The same can be done for n′. After splitting B1 off B to define E ′ it is the
case that E(n) ∼=calE′ n′ (and thus (n, n′) ∈ F ′) if and only if n and n′ fall
into the same category. Given that we have a list of nodes B1 the hard part
is distinguishing between cases 1 and 3 without visiting any of the nodes in
N−B1. Paige and Tarjan [PT87] solve this problem by maintaining for each
node a count of how many elements of each E-block it has. When splitting
B1 off the count for B of each node n with an element in B1 is decremented
by 1. After all nodes in B1 are processed the thus decremented count for
B represents the count for B − B1. Now we can distinguish the two cases:
Node n falls into category 1 if the count for B − B1 is zero; if it is nonzero
it falls into category 3.

Implementing this efficiently is nontrivial since it requires constant-time
access to the count for any block of any node. We refer to [PT87, Section
3] for details.

Note that now we can bound the number of edges incident to N ′ again
linearly by the number of edges incident to B1. Combining this with the
treatment of bags and other values, we arrive at the main dagification the-
orem.

Theorem 8.4 Store S = (N, E) can be dagified in O(|E| log |N |) time and
O(|E|) space.

8.4 General multiset discrimination

We can construct a discriminator, as before, by composing it from a dagifi-
cation step followed by standard multiset discrimination under the dagifying
equivalence relation. This yields the following general corollary.

Corollary 8.5 Let S = (N, E) be a store. For any τ , there exists a dis-
criminator ∆iso

τ for τ under isomorphism which executes on store S and
with input R in time O(m log n) and space O(m) where m = |S| + |R| and
n = |N |.
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